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SYMBOLS 

S Boundary layer thickness, feet 

O Momentum loss thickness, ^   i/ **" 2/ S**& '   ^eet 

^* Displacement thickness, / ('- ~) t/y   ,   feet 

j" Energy loss thickness, / &(*-jr») *t* *   feet; 

H Boundary layer shape parameter -^- 

i** H       Boundary layer shape parameter ' 

■■>< Wall function 

/^ Wake function 

(Jr Friction velocity, / -S-   , feet per second 

f Fluid density, slugs per cubic foot 

T^ Surface shearing stress, pounds per square foot 

6^, Velocity component due to the wake 

77" Coles' wake parameter 

/, i2. Boundary layer functions 

fäg Reynolds number based on momentum thickness 

IS1 Kinematic viscosity, square feet per second 



INTRODUCTION 

From an examination of the turbulent boundary layer profile, 
several relations are derived relating various parameters of a turbulent 
boundary layer. 

^   _   i"    / ill 

S"    .2-kl 
*s 
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H 
/-  /, I* 

7 

/s 
^'■f* 

* f 

J±. Äi 

s T* 
These relations are shown to have limits of application, and these limits 
are defined.  Finally, the theories are compared with experimental data 
and show good agreement. 



DISCUSSION 

A description of the turbulent boundary layer profile has recently 
been developed which utilizes the law of the wall (Reference 1), Coles' 
wake function (Reference 2), and a third function in regions away from the 
wall (Reference 3). 

The profile description may be written as 

/   - (■-<' ^ if; 
(i) 

where ^< and «O (Figure 1) are functions only of the nondimensional 
height, ^ , in the boundary layer and the term "^^^.is a parameter 
describing the wake velocity. The term ^^y- is related to Coles' TT 
in the following manner: 

^   77 

or,   taking   /C ,   Prandtl's  mixing   length  constant,   as  0.412, 

:iii -. I.SSTT. 

As in the case of Coles' 7f      , if  jrrp:      is a constant throughout a 
boundary layer, the boundary layer is an "equilibrium" boundary layer 
as defined by Clauser (Reference 4).  Figure 1 illustrates the present 
nomenclature. 

Equation 1 may be used to determine the displacement, momentum, 
and energy thicknesses by proper integration across the boundary layer. 
When this is done, it is found that 

-    (2 5 t #• i 
) (2) 

(LLL- -(2 
i 6/r  - 

' 5 * O. S   U$L ) 
C2T/ ^<('-'Z /    /v-     ,4.3$ $£) 

■r (3) 

£U1  s C4.C0i+ 4^') - JJrfa ii + /IK <&. + /. /Si ££) v   (4) JUT ~ ( U^J     u y W z^/     ^ 

L^tyt+sn %***%■+ 
17^ 



If equation 2 is used to make a substitution for the first term of the 
right-hand side of the equation, then - 

S4. - ili/ _   ÜB (// /z * J.7f 
CL 

"r "7%*) 
(5) 

or 

,jltS.7f%+  ***%*). 
(6) 

Furthermore, if equation 2 is written as 

- -r   'jg.jc /d-tt %&.J c/ C'-r 

tSr and this is substituted for "—;  in equation 6, then 

or,   letting 

c a. 7 -y   * s,   J. si    <r  tS*u \ -z. /' fj.ja to.5- ife) 
c/r 

U- 
(//. /Z  /   ?. 7^ 77£ S__ / ^ ^ zg 

rj.s<?+ 0* rtf) (7) 

/ (8) 

In a similar manner, it can be shown that 

£1 _J_' 
/ 

j /. 
#-2 

4 -r* .$* 

.s -J 
(9) 



where 

h- 
The   term 

OL {71 <?C * // & (fe+ 4. & jjp: oso 
r-? se * Ojre ^Tp 

has been shown (Reference 3) to range from zero in 
turbulent pipe flow and to approach infinity at separation.  Therefore, 
the functions  /,  and  r»  have been evaluated over that range and 
are presented in Figure 2.  It is significant that there is little varia- 
tion of either // or  ^j with changes in -^r , particularly after 

L"1'.      becomes moderately large, for example, of the order of 10.0. 
wr 

/. With   this  knowledge  of     r,      and    /^      ,   one  can  determine   the 
nations  of     ■*       and   ^j- with    %-     by  the use  of   equations  8   and  9, 

respectively.     'fhese  variations  are   presented   in Figures  3 and  4. 
van at 

The curves,shown in these figures are drawn witt) the assumption 
that any value of —?—  is possible at a given value of "T^S-   •  This 
assumption, however, is not at all valid, and therefore limits must be 
established which delineate the allowable values of -^r-  for each value 
Of  -^    . * 

Or 

As an example of the limitations, consider the separation profile 
—»• oo  .  In this case O1^-  = 0 and tu'  = ^  .  Inserting these where 

values   Tnto   the  modified   form  of   equation   2,   one   obtains 

u (' lO + O 

"7 .10 (Jr 
U 

sfc 

o. T 

) 

u 

do 

This   value   of 

o. ■> 

¥ 
( F0<1 

U 
= o 

Ls. the only value possible for the case of 77p —•"•*" 
since the only value ^7?  can take in this case is ^5-      = 0.  Therefore, 

_  . '->      . .   _ .        _    . .  -    IS/J  , 
no points of the curves shown in Figures 3 and 4 for -c7i -♦«x» are allow- 
able, except that one point where •+■  =0.50.  In all other cases, ^^ 
can vary between some limits yet to be defined.  It is now necessary to 
delineate the limits in order that the allowable variations in -^p  for a 
given value of  —^   may be determined by use of equation 11. 



(A 
In this regard, consider first the maximum attainable value of 

7^    .  This value has been determined in Reference 3 as a function of 
_i^  from a consideration of the properties of the laminar sublayer. 

'    so determined Is given as The 'maximum value of ^7 

(ft! 
/ 

nut* /7 2<r> y 
(12) 

Wi 
ca 

th this relation and equation 11, the maximum possible values of -j- 
n be determined as a function of '#-    : 

The limit of this relation as 

(P  i_ 4;hen (4-') 

(13) 

C/r 
as previously determined. 

In this manner, the upper limit of each of the curves in 
Figures 3 and 4 can be determined.  The curves of Figures 3 and 4 have 
been redrawn within these limits and are shown in Figures 5 and 6. 

<5 
purpose, 

It remains now to determine the minimum allowable values of 
and any relationship between tP     and 4^"  can be used for this 
Using the relationship given in Reference 3, 

/ej *i 
/C 

/.sa*j. ?■* / c\ if 

can be determined for any values of "- g    and CS o, ty-r the values of 
For the value of      , thus determined to be a minimum, the chosen 
value of ^j) must bo a maximum for the given value of ^5  .  At present 
there is no reason to suspect that a physically dictated upper limit 
exists for X'tf    ; however, it is not unreasonable to expect a practical 
upper limit to the values of ^^  encountered in practice.  An extremely 
thick boundary layer, S     greater than ten feet, measured at the aft 
end of an airship in flight (Reference 5), was seen to have p value of 
/C^-/0        ; therefore the value ^^'/O   will be arbitrarily chosen as the 
highest value normally expected in the vast majority of measurements. 



With Afi*,«,   thus defined, the minimum values of ^     can be computed for 
any given ■"*    •  These lower limit values of ^  have then been 
inserted into equation 11, and the lower limits of -4^  have been 
determined.  Again, the curves of Figures 5 and 6 have been redrawn within 
these lower limits, and the new curves are presented in Figures 7 and 8. 

4     Examinatiot^ of these figures reveals that the relations between 
■y  and -y      or *yr-    are very nearly independent of c^'     ■     This relative 
independence of ^   is further seen in Figure 9.  Here equations 8 and 9 
were altered to yield 

/•" 
/ 

and 

i * 

// ; 

i  ) (is) 

(16) 

fj.. 
and are shown as a function of |f*|  within the same limits as Figure 7 
and 8.  It should be noticed that the'maximum value of /V  predicted 
by equation 15 is^about 4.13.  This value corresponds to the case of <.' 
(t*r »« or T»' = 0.5. In Figure 10, a mean line drawn through 
the curves of Figure 9 is compared with other existing relationships 
between &     and /* 



COMPARISON WITH EXPERIMENT AND COMCLUDIWC REMARKS 

As a test of the validity of the previously derived relations, 
the curves of Figures 7 and 8 are compared with the experiment in Figures 
11 and 12.  In this case the large number of segments have been replaced 
by a single mean line for simplicity.  The data used for this comparison 
ranged from pipe profiles, measured In small pipes, to very thick profiles, 
measured near the separation point of the flow over an airstrip.  The good 
agreement between these various experiments and the present theory indicates 
a nearly single-valued dependence of -^  and «^— , and therefore H   and 
A/   upon 

It should be mentioned that the relatively high value of <▼ at 
separation, which is predicted by the present theory, results from the 
assumption that the mean flow at separation takes the shape of the wake 
profile given by Coles.  In an actual flow, however, turbulent fluctuations 
may cause instantaneous flow separation at values of /*' considerably 
lower than predicted here.  An experimental search for the highest attain- 
able value of // would be of interest. 
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